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PAIRS OF PERIODIC ORBITS WITH
FIXED HOMOLOGY DIFFERENCE
Morten S. Risager and Richard Sharp
University of Aarhus and University of Manchester
Abstract. We obtain an asymptotic formula for the number of pairs of closed orbits of a
weak-mixing transitive Anosov flow whose homology classes have a fixed difference.
0. Introduction
Consider M a compact smooth Riemannian manifold and φt : M → M a transitive
Anosov flow on M . Such a manifold has a countable infinity of (prime) periodic orbits
γ. We denote the lenght af such an orbit by l(γ). Writing π(T ) := #{γ : l(γ) ≤ T} the
following expansion holds: π(T ) ∼ ehT /hT , as T → +∞, where h > 0 is the topological
entropy of φ [11],[12],[14],[15].
To refine the problem one might try to understand the distribution of periodic orbits
with respect to the homology of M . To keep our statements simple, we shall suppose
that H1(M,Z) is infinite and ignore any torsion. Suppose that M has first Betti number
k ≥ 1; then we may fix an identification of H1(M,Z)/torsion with Zk. For α ∈ Zk, write
π(T, α) := #{γ : l(γ) ≤ T, [γ] = α}, where [γ] denotes the homology class of γ (modulo
torsion). A variety of behaviours for this counting function are possible. For example, for
a geodesic flow (in variable negative curvature) there exists C > 0 (independent of α) such
that
π(T, α) ∼ C e
hT
T 1+k/2
, as T → +∞ (1)
[5],[6],[10],[17],[18] but, for other Anosov flows, π(T, α) may grow at a slower rate or even
be bounded (or identically zero), depending on the circumstances [7],[20]. Nevertheless, if
α is allowed to grow with T at an appropriate linear rate then an asymptotic of the form
(1) always holds [2],[9].
In this note, we are going to study the relative distribution of pairs of closed orbits in
H1(M,Z). For β ∈ Zk, define
πβ2 (T ) := #{(γ, γ′) : l(γ), l(γ′) ≤ T, [γ]− [γ′] = β}. (2)
Since the asymptotic behaviour of π(T, α) is different for different types of weak-mixing
transitive Anosov flows one might suspect that πβ2 (T ) has varying asymptotic behaviour as
well. We show that this is not the case. Surprisingly the asymptotic behaviour is universal.
Our main result is the following:
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Theorem 1. Let φt : M → M be a weak-mixing transitive Anosov flow on a compact
smooth Riemannian manifold M with first Betti number k ≥ 1. Then there exists C(φ) > 0
such that, for each β ∈ H1(M,Z)/torsion ∼= Zk,
πβ2 (T ) ∼ C(φ)
e2hT
T 2+k/2
, as T → +∞.
Remark. The constant C(φ) can be described in terms of the Hessian of an associated
entropy function at a special point. To be precise
C(φ) = 1
2kπk/2σkh2
where σ2k is the determinant of minus the Hessian of this entropy function evaluated at
the winding cycle associated to the measure of maximal entropy for φ. See section 1 for
details.
For a compact hyperbolic surface V of genus g ≥ 2, the geodesic flow on the sphere
bundle SV is a weak-mixing transitive Anosov flow with topological entropy equal to
1. Furthermore, the natural projection p : SV → V induces an isomorphism between
H1(SV,Z)/torsion and H1(V,Z) ∼= Z2g. There is a one-to-one correspondence between
periodic orbits for the flow and closed geodesics on the surface, which preserves lengths
and respects this isomorphism. Thus πβ2 (T ) counts also the number of pairs of closed
geodesics on V , with lengths at most T , and with the two homology classes differing by β.
We may recover the following result, previously obtained by the first author [19].
Theorem 2. Let V be a compact hyperbolic surface of genus g. Then, for each β ∈
H1(V,Z) ∼= Z2g,
πβ2 (T ) ∼
(g − 1)g
2g
e2T
T 2+g
, as T → +∞.
In the next section, we shall describe the necessary background on Anosov flows, periodic
orbits and homology. In section 2, we shall prove Theorems 1 and 2.
1. Anosov Flows and Homology
A C1 flow φt : M → M on a smooth compact Riemannian manifold M is called an
Anosov flow if the tangent bundle admits a continuous splitting TM = E0 ⊕ Es ⊕ Eu,
where E0 is the 1-dimensional bundle tangent to the flow trajectories and where there
exist constants C > 0 and λ > 0 such that
(1) ‖Dφt(v)‖ ≤ Ce−λt‖v‖, for all v ∈ Es and t ≥ 0; and
(2) ‖Dφ−t(v)‖ ≤ Ce−λt‖v‖, for all v ∈ Eu and t ≥ 0.
We need some background on periodic orbits and homology for Anosov flows. (For more
details, see the second author’s survey in [12].) Let Mφ denote the set of all φt-invariant
probability measures on M and, for µ ∈ Mφ, let Φµ ∈ H1(M,R) denote the associated
winding cycle, defined by the duality
〈Φµ, [ω]〉 =
∫
ω(X )dµ,
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where [ω] is the de Rham cohomology class of a closed 1-form ω and X is the vector
field generating φt. Write Bφ = {Φµ : µ ∈ Mφ} ⊂ H1(M,R). (For geodesic flows, Bφ is
the unit ball for the Gromov-Federer stable norm on homology [13].) The identification
H1(M,R) ∼= Rk defines a topology on H1(M,R) by considering the standard topology on
R
k and this induces a topology on Bφ also.
Let µ0 ∈ Mφ denote the measure of maximal entropy for φt, i.e., the unique µ0 ∈ Mφ
for which the measure theoretic entropy hφ(µ0) is equal to the topological entropy h, and
write Φ0 = Φµ0 ; this winding cycle will play a particularly important role. It is a fact that
Φ0 lies in the interior of Bφ.
There is a (real analytic) entropy function h : int(Bφ)→ R defined by
h(ρ) = sup{hφ(µ) : Φµ = ρ}.
In view of the variational principle h = sup{hφ(µ) : µ ∈ Mφ}, h(Φ0) = h and if ρ 6= Φ0
then h(ρ) < h; in particular, ∇h(Φ0) = 0. In fact, it is a well-known result that h is strictly
concave and that H = −∇2h(Φ0) is positive definite. Define a norm ‖·‖ on H1(M,R) ∼= Rk
by ‖ρ‖2 = 〈ρ,Hρ〉. In particular,
h(Φ0 + ρ) = h− ‖ρ‖2/2 +O(‖ρ‖3). (3)
when ‖ρ‖ is sufficiently small. Also define σ > 0 by σ−2k = detH. We note that since
H1(M,R) has finite dimension as a real vectorspace the norm ‖·‖ induces the same topology
as the one previously considered.
Let p : H1(M,R) ∼= Rk be the Legendre conjugate of −h. (This may be defined directly
as a pressure function by the formula p([ω]) = P (ω(X )) = sup{hφ(µ) + 〈Φµ, [ω]〉 : µ ∈
Mφ}.) In particular, set ξ(ρ) = (∇p)−1(ρ). Then ξ(Φ0) = 0.
Remark. The above analysis only applies directly when φ is a C1+ǫ flow, so that the
functions ω(X ) are Ho¨lder continuous. For the modifications we required for a flow which
is only C1, see [3].
As in the introduction, for α ∈ H1(M,Z)/torsion, we write π(T, α) = #{γ : l(γ) ≤
T, [γ] = α}. Now, however, we shall allow α to depend on T (in a linear way). To
continue to take values inH1(M,Z), we shall define an “integer part” onH1(M,R). Choose
a fundamental domain F for H1(M,Z)/torsion as a lattice inside H1(M,R). Then, for
ρ ∈ H1(M,R), define ⌊ρ⌋ ∈ H1(M,Z) by ρ− ⌊ρ⌋ ∈ F .
Proposition 1 [2],[9],[10]. Let φt : M → M be a weak-mixing transitive Anosov flow. If
ρ ∈ int(Bφ) and α0 ∈ H1(M,Z)/torsion then
π(T, α0 + ⌊ρT ⌋) ∼ C(ρ)e−〈ξ(ρ),α0〉e〈ξ(ρ),Tρ−⌊Tρ⌋〉 e
h(ρ)T
T k/2+1
, as T → +∞,
where C(ρ) = (det∇2h(ρ))1/2/((2π)k/2h(ρ)) > 0, uniformly for ρ in compact subsets of
int(Bφ).
To put this in context, let us consider a fixed homology class α. Suppose first that
0 ∈ int(Bφ); then
π(T, α) ∼ C(0) e
h(0)T
T 1+k/2
, as T → +∞
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[20]. On the other hand, if 0 /∈ Bφ then φt has a global cross section and there are at
most finitely may orbits in each fixed class [4]. If 0 ∈ ∂Bφ, the situation is not well
understood and the growth of π(T, α) may be polynomial [1] or exponential. Regardless
of these considerations, Proposition 1 gives a universal asymptotic formula for the number
of periodic orbits in homology classes which grow like Φ0T . To simplify notation, we write
π˜α(T ) = π(T, α+ ⌊Φ0T ⌋).
We have the following corollaries of Proposition 1:
Corollary 1. For δ > 0 sufficiently small,
lim
T→+∞
sup
‖α‖≤δT
∣∣∣∣T k/2+1π˜α(T )e〈ξ(Φ0+α/T ),TΦ0−⌊TΦ0⌋〉C(Φ0 + α/T )eh(Φ0+α/T )T − 1
∣∣∣∣ = 0.
This follows from Proposition 1 by using uniformity when setting α0 = 0 and ρ =
Φ0 +α/T . Since Φ0 is an interior point of Bφ such ρ’s are in a compact subset of Bφ for δ
sufficiently small. The following version of the Central Limit Theorem also holds.
Corollary 2. For a Jordan set B ⊂ Rk whose boundary has zero measure,
lim
T→+∞
1
π(T )
#
{
γ : l(γ) ≤ T, [γ]− ⌊Φ0T ⌋√
T
∈ B
}
=
1
(2π)k/2σk
∫
B
e−‖x‖
2/2dx
This is straightforward to derived from Lemma 1 below, which in turn follows from
Corollary 1.
2. Proof of Theorems 1 and 2
We now proceed to the proof of Theorem 1. Our argument will be based on the simple
yet powerful observation that equation (2) may be replaced by
πβ2 (T ) =
∑
α∈Zk
π˜α(T )π˜α+β(T ) (4)
and the properties of π˜α(T ) contained in Corollaries 1 and 2. In particular, we shall use
Corollary 1 to understand π˜α(T ) for ‖α‖ = O(
√
T ) and Corollary 2 to show that the
remaining terms make a negligible contribution.
Our first lemma, shows that in the range ‖α‖ = O(√T ), π˜α(T ) is well approximated by
a simpler function than the one given in Corollary 1.
Lemma 1. For any ∆ > 0,
sup
‖α‖≤∆√T
∣∣∣∣∣hT π˜α(T )ehT − e−‖α‖
2/2T
(2π)k/2σkT k/2
∣∣∣∣∣ = o
(
1
T k/2
)
.
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Proof. Provided T is sufficiently large, ∆
√
T ≤ δT , so it follows from Corollary 1 that
sup
‖α‖≤∆√T
∣∣∣∣T π˜α(T )e〈ξ(Φ0+α/T ),TΦ0−⌊TΦ0⌋〉C(Φ0 + α/T )eh(Φ0+α/T )T − 1T k/2
∣∣∣∣ = o( 1T k/2
)
.
We have e〈ξ(Φ0+α/T ),TΦ0−⌊TΦ0⌋〉 = 1 +O(T−1/2) when ‖α‖ ≤ ∆√T so
sup
‖α‖≤∆√T
∣∣∣∣ T π˜α(T )C(Φ0 + α/T )eh(Φ0+α/T )T − 1T k/2
∣∣∣∣ = o( 1T k/2
)
.
Note that C(Φ0) = ((2π)
k/2σkh)−1. Since the entropy function h is real analytic, we
have for ‖α‖ ≤ ∆√T ,
(i) |C(Φ0 + α/T )− C(Φ0)| = O(T−1/2), and, using (3),
(ii) h(Φ0 + α/T )T = hT − ‖α‖2/2T +O(T−1/2),
we may replace this by
sup
‖α‖≤∆√T
∣∣∣∣∣hT π˜α(T )ehT − e−‖α‖
2/2T eq(α,T )
(2π)k/2σkT k/2
∣∣∣∣∣ = o
(
1
T k/2
)
,
where eq(α,T ) ∈ (e−cT−1/2 , ecT−1/2), for some c > 0. The result follows by using that
eq(α,T ) = O(T−1/2). 
We may then use Lemma 1 to find good approximations for
∑
π˜α(T )π˜α+β(T ) where
the sum is over ‖α‖ ≤ ∆√T
Lemma 2. For any ∆ > 0,
lim
T→+∞
∑
‖α‖≤∆√T
(
(2π)kσ2kh2T 2+k/2π˜α(T )π˜α+β(T )
e2hT
− e
−‖α‖2/2T e−‖α+β‖
2/2T
T k/2
)
= 0.
Proof. To shorten some of our formulae, we shall write eT (α) = e
−‖α‖2/2T . We have∣∣∣∣T 2+k/2π˜α(T )π˜α+β(T )C(Φ0)2e2hT − eT (α)eT (α+ β)T k/2
∣∣∣∣
≤
∣∣∣∣T 2+k/2π˜α(T )π˜α+β(T )C(Φ0)2e2hT − TeT (α)π˜α+β(T )C(Φ0)ehT
∣∣∣∣+ ∣∣∣∣TeT (α)π˜α+β(T )C(Φ0)ehT − eT (α)eT (α+ β)T k/2
∣∣∣∣ .
Applying Lemma 1, the terms on the Right Hand Side satisfy the estimates
o
(
T π˜α+β(T )
ehT
)
= o
(
1
T k/2
)
and o
(
eT (α)
T k/2
)
= o
(
1
T k/2
)
,
respectively, uniformly for ‖α‖ ≤ ∆√T . Summing over ‖α‖ ≤ ∆√T gives the result. 
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Note that, given ǫ > 0, it is possible to choose ∆ > 0 sufficiently large that
1
(2π)k/2σk
∫
‖x‖>∆
e−‖x‖
2/2dx < ǫ. (5)
From Lemma 2 it is clear that we need to understand the asymptotic behaviour of∑
‖α‖≤∆√T
e−‖α‖
2/2T e−‖α+β‖
2/2T .
This behaviour is found in the next lemma:
Lemma 3. Given ǫ > 0, provided ∆ is sufficiently large we have
πk/2σk(1− ǫ) ≤ lim
T→+∞
1
T k/2
∑
‖α‖≤∆√T
e−‖α‖
2/2T e−‖α+β‖
2/2T ≤ πk/2σk(1 + ǫ).
Proof. Note that∑
‖α‖≤∆√T
e−‖α‖
2/2T e−‖α+β‖
2/2T =
∑
‖α‖≤∆√T
e−‖α‖
2/T e−(2〈α,Hβ〉/T+‖β‖
2)/2T
=
∑
‖α‖≤∆√T
e−‖α‖
2/T +O
(
1√
T
)
.
Since
∫
Rk
e−〈x,Hx〉dx = πk/2/
√
detH, applying Lemma 2 of [3] or the proof of Lemma 2.10
in [16] gives
lim
T→+∞
1
πk/2σkT k/2
∑
α∈Zk
e−‖α‖
2/T = 1.
Choosing ∆ sufficiently large that (5) is satisfied (and since e−‖x‖
2 ≤ e−‖x‖2/2) we also
have
lim
T→+∞
1
πk/2σkT k/2
∑
‖α‖>∆√T
e−‖α‖
2/T =
1
πk/2σk
∫
‖x‖>∆
e−‖x‖
2
dx < ǫ. 
In order to complete the proof we need a uniform upper bound on π˜α(T ) in the range
where Proposition 1 gives no information. This is provided by the following lemma:
Lemma 4. There exists B > 0 such that
π˜α(T ) ≤ B e
hT
T 1+k/2
for all α ∈ Zk and T > 0.
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Proof. By Corollary 1, if we fix δ > 0 sufficiently small then there exists T0 > 0 such that,
for T ≥ T0 and ‖α‖ ≤ δT ,
π˜α(T ) ≤ 2C(Φ0 + α/T )
e〈ξ(Φ0+α/T ),TΦ0−⌊TΦ0⌋〉
eh(Φ0+α/T )T
T 1+k/2
≤ B0 e
hT
T 1+k/2
,
where
B0 = 2 sup
{
C(Φ0 + ρ)
e〈ξ(Φ0+ρ),ρ′〉
: ‖ρ‖ ≤ δ, ρ′ ∈ F
}
.
To obtain the bound for ‖α‖ > δT we use large deviations theory. For a periodic orbit
γ, let µγ denote the normalized Lebesgue measure around γ, i.e.,∫
f dµγ =
∫ l(γ)
0
f(φtxγ)dt,
for any xγ ∈ γ. We may choose closed 1-forms ω1, . . . , ωk such that
[γ]
l(γ)
=
(∫
ω1(X ) dµγ , . . . ,
∫
ωk(X ) dµγ
)
. (6)
Define a set K ⊂Mφ by
K =
{
µ ∈Mφ :
∥∥∥∥(∫ ω1(X ) dµγ , . . . , ∫ ωk(X ) dµγ)− Φ0∥∥∥∥ ≥ δ2
}
;
this is weak∗ compact. By Theorem 2.1 of [8],
lim sup
T→+∞
1
T
log#{γ : l(γ) ≤ T, µγ ∈ K} ≤ hK := sup
µ∈K
hφ(µ).
Furthermore, since µ0 /∈ K, hK < h.
Recall that F is a fundamental domain for H1(M,Z)/torsion in H1(M,R) and let D
denote its diameter with respect to ‖ · ‖. Choose 0 < θ < 1 and note that∑
‖α‖>δT
π˜α(T ) = #{γ : θT < l(γ) ≤ T, ‖[γ]− ⌊TΦ0⌋‖ > δT}+O(eθhT ), (7)
where the implied constant depends only on θ.
Now consider γ with θT < l(γ) ≤ T . Then ‖[γ]− ⌊TΦ0⌋‖ > δT implies that∥∥∥∥ [γ]l(γ) − Φ0
∥∥∥∥ ≥ ∥∥∥∥ [γ]− ⌊TΦ0⌋l(γ)
∥∥∥∥− ∥∥∥∥⌊TΦ0⌋l(γ) − TΦ0l(γ)
∥∥∥∥− ∥∥∥∥TΦ0l(γ) − Φ0
∥∥∥∥
> δ − D
θT
− (θ−1 − 1)‖Φ0‖.
(8)
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If we choose θ sufficiently close to 1 and T1 > 0 sufficiently large then we may assume that,
provided T ≥ T1,
δ − D
θT
− (θ−1 − 1)‖Φ0‖ ≥ δ
2
. (9)
Combining (8) and (9), we obtain the estimate
#{γ : θT < l(γ) ≤ T, ‖[γ]− ⌊TΦ0⌋‖ > δT} ≤ #{γ : l(γ) ≤ T, µγ ∈ K}.
Applying this to (7), there exists T2 such that, for T ≥ T2 and ‖α‖ > δT ,
π˜α(T ) ≤ ehK+ǫ.
Increasing T2 if necessary, we may also suppose that e
hK+ǫ ≤ B0ehT /T 1+k/2.
Finally, we may choose B1 > 0 so large such that, for T ≤ max{T0, T1, T2} and any α ∈
Z
k, π˜α(T ) ≤ B1ehT /T 1+k/2. The proposition is thus proved with B = max{B0, B1}. 
We now combine the preceding lemmas with Corollary 2 to prove Theorem 1.
Proof of Theorem 1. Given ǫ > 0, choose ∆ > 0 so that (5) is satisfied. Consider the
sum in equation (4). Lemmas 2 and 3 tell us what happens when this sum is restricted to
‖α‖ ≤ ∆√T : we need to consider the remaining terms. By Lemma 4,
∑
‖α‖>∆
√
T
T 2+k/2π˜α(T )π˜α+β(T )
C(Φ0)2e2hT
≤ B
C(Φ0)
∑
‖α‖>∆
√
T
T π˜α(T )
C(Φ0)ehT
.
Thus, by Corollary 2,
lim sup
T→+∞
∑
‖α‖>∆√T
T 2+k/2π˜α(T )π˜α+β(T )
C(Φ0)2e2hT
≤ B
C(Φ0)
(∫
‖x‖>∆
e−‖x‖
2/2dx
)
<
B
C(Φ0)
ǫ.
By the above estimate and Lemmas 2 and 3,
πk/2σk(1− ǫ) < lim inf
T→+∞
∑
α∈Zk
T 2+k/2π˜α(T )π˜α+β(T )
C(Φ0)2e2hT
≤ lim sup
T→+∞
∑
α∈Zk
T 2+k/2π˜α(T )π˜α+β(T )
C(Φ0)2e2hT
< πk/2σk(1 + ǫ) +
B
C(Φ0)
ǫ.
Since ǫ > 0 is arbitrary, this completes the proof with
C(φ) = C(Φ0)2πk/2σk = 1
2kπk/2σkh2
. 
Remark. It would be interesting to have a version of Theorem 1 where the asymptotic
behaviour was uniform in β. A slightly more careful version of our analysis shows that
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uniformity holds in the range ‖β‖ = o(√T ) but this is insufficient for most applications.
To obtain a stronger result, one would need a deeper analysis of the sum∑
α∈Zk
e−(‖α‖
2+‖α+β‖2)/2T .
We conclude by proving Theorem 2.
Proof of Theorem 2. All we need to do is to check that the constant (g−1)g/2g is correct.
For a compact surface of constant curvature −1 and genus g, h = 1 and
1
(2π)gσ2g
= C(Φ0) = (g − 1)g
[17], so that in this case,
C(φ) = C(Φ0)2πgσ2g = (g − 1)2gπgσ2g = (g − 1)
g
2g
,
as required. 
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